Stars born at the same time in the same place should have formed from gas of the same element composition. But most stars subsequently disperse from their birth siblings, in orbit and orbital phase, becoming 'field stars'. Here we explore and provide direct observational evidence for this process in the Milky Way disc, by quantifying the probability that orbit-similarity among stars implies indistinguishable metallicity. We define the orbit similarity among stars through their distance in action-angle space, ∆(J, θ), and their abundance similarity simply by ∆[Fe/H]. Analyzing a sample of main sequence stars from Gaia DR2 and LAMOST, we find an excess of pairs with the same metallicity (∆[Fe/H] < 0.1) that extends to remarkably large separations in ∆(J, θ) that correspond to nearly 1 kpc distances. We assess the significance of this effect through a mock sample, drawn from a smooth and phase-mixed orbit distribution. Through grouping such star pairs into associations with a friend-of-friends algorithm linked by ∆(J, θ), we find 100s of mono-abundance groups with ≥ 3 (to 20) members; these groups -some clusters, some spread across the sky -are over an order-of-magnitude more abundant than expected for a smooth phase-space distribution, suggesting that we are witnessing the 'dissolution' of stellar birth associations into the field.
INTRODUCTION
The ever increasing amount of stellar spectra collected by spectroscopic Milky Way surveys, such as APOGEE (Majewski et al. 2017) , GALAH (Buder et al. 2018) , LAMOST (Cui et al. 2012; Zhao et al. 2012) , RAVE (Casey et al. 2017) amongst others, provides precise information on the element abundances of millions of stars. Combining these surveys with the second release of the Gaia satellite (Gaia Collaboration et al. 2018) , that constrains the 6D phase space and orbit information for these stars, opens up the possibility to understand how our Galaxy has formed and evolved.
By studying the population properties of stars, their orbits, compositions, and ages we can learn about the assembly of different components of the Galaxy. Furthermore, clusters, either intact, dispersing or dissolving can teach us about the dynamical history of the Galaxy (e.g., Allison 2012; Webb et al. 2013; Ting et al. 2015 ). E-mail: coronado@mpia.de One conceptual approach is the idea that stars that were born at the same time and in the same molecular cloud can reveal their common birth origin by their very similar chemical abundances (Freeman & Bland-Hawthorn 2002) , even when they could have been dispersed into different places afterwards (Ting et al. 2015; Hogg et al. 2016) . This is called 'chemical tagging'.
That stars disperse can mean that they are in different orbital phases (different locations) along nearly the same orbit. For example, when a star cluster gets disrupted, singlestellar population "streams" can be found extending for tens of kpc through the Galactic halo (Bovy 2014; Contenta et al. 2017) . Or this could mean that stars actually evolve to very different orbits, and this can happen through radial mixing or radial migration (e.g., Sellwood & Binney 2002; Roškar et al. 2008; Quillen et al. 2015) . We now have clear and quantitave evidence that this migration is overall strong in the Galactic disc (e.g., Frankel et al. 2018) .
At late times (last 8 Gyrs), stars in the Milky Way were presumably born on disc-like orbits. However, discs are susceptible to perturbations, and fluctuations in the gravita-tional field cause a star to change its original orbital actions, or diffuse in action space (e.g., Fouvry et al. 2015) . When radial migration is not at play, then we would expect that stars at a given radius have a clear relation between the age and metallicity of stars (Sellwood & Binney 2002) , reflecting the successive enrichment of the birth gas. However observations have not shown such correlation in the solar neighborhood and instead have shown a large spread in metallicity, [Fe/H] (Edvardsson et al. 1993; Ibukiyama & Arimoto 2002) , implying that stars have in fact migrated over large radial distances during their lifetime (Bland-Hawthorn et al. 2010) .
The task of identifying groups of stars from the same cluster purely by their chemical similarity, without information on velocity or distance, has been proposed (Freeman & Bland-Hawthorn 2002) and put into practice by Hogg et al. (2016) ; Schiavon et al. (2017) ; Garcia-Dias et al. (2019) , amongst others. In this scenario, for chemical tagging to be successful, one of the conditions is that the progenitor cloud is uniformly mixed before the first stars are formed (Freeman & Bland-Hawthorn 2002) . In addition, birth clusters must have clear cluster-to-cluster abundance differences (Liu et al. 2016a) . Open clusters are good laboratories for testing whether these conditions hold (Blanco-Cuaresma et al. 2015; Liu et al. 2016b; Bovy 2016) .
In recent years, data-driven methods have been used to extract high-precision abundances from spectra, even at moderate resolution and signal-to-noise (Ness et al. 2015; Rix et al. 2016; Ting et al. 2017 Ting et al. , 2019 . However, pure chemical tagging is still a challenging technique (Ting et al. 2015; Blanco-Cuaresma & Soubiran 2016) , as shown by the presence of doppelgangers in field stars ).
Once precise abundances have been determined, a procedure is needed to identify potentially co-natal "clumps" in abundance space. Some works make use of clustering algorithms such as k-means (e.g, Hogg et al. 2016) or the density-based spatial clustering of applications with noise (DBSCAN; Ester et al. 1996 ) (e.g. Shou-kun et al. 2019 Price-Jones & Bovy 2019) . While for k-means the number of clusters must be known in advance, and specified a priori in the algorithm, with DBSCAN the optimal number of clusters can be determined from the data in an automated way.
Most stars formed in a molecular cloud are expected to disperse quickly, in 100 Myr (Lada & Lada 2003) , in orbit and consequently in orbital phase on a longer timescale. However, their observable chemical abundances are expected to remain largely unchanged. Including more dimensions than just chemical information (e.g. kinematics) increases the prospect of tracing back the origin of a dispersed cluster. Therefore exploring the extent to which stars with very similar abundances are also on similar or different orbits is a fundamental diagnostic. In the Galactic disc this tells us directly how strong radial migration was i.e., whether the present day orbit of normal disc stars has anything to do with their birth orbit. Kamdar et al. (2019) has recently shown the existence of this dispersal by revealing that co-moving (in ì
x, ì v) pairs in the solar neighborhood have a preference to have similar metallicities when compared to random field stars, even to distances beyond bound pairs. This opens up the possibility to find disrupting star clusters. However, a Cartesian coordinate system, as the one used in that work, may not be optimally suited to identify such signatures beyond the sun's vicinity.
Action-angles (J,θ) are canonical coordinates to describe stellar orbits, and they may be a powerful coordinate system to find orbit-distribution sub-structure in in our Galaxy. Whereas in configuration space ( ì x, ì v) each of the coordinates has a complex time evolution, in action-angle space the three actions are integrals of motion and constant, and the three angles evolve linearly with time (Binney & Tremaine 2008) . Additionally, gradual changes in orbit may be described as a diffussion in action space (Sanders & Binney 2015) . Hence, if we want to study larger volumes in the Milky Way (e.g, d 200 pc, where the curvature of stellar orbits becomes pronounced), then this coordinate system may be better to identify stars that are on the same orbits, as compared to a Cartesian coordinate system (X, Y, Z, U, V, W). Action-angles have already been used to study groups of stars on similar orbits, for example, Trick et al. (2019b) have revealed rich orbital substructure in Gaia DR2, that extends over several kpc. Action-angles are also convenient to study processes that might be responsible for orbit migration in the Galactic disc, like spiral arms (Sellwood et al. 2019 ) and bars (Hunt et al. 2019; Trick et al. 2019a ).
Here we combine the spectroscopic information from LAMOST's latest data release, LMDR5 (Xiang et al. 2019) with the astrometric information from Gaia DR2 to investigate the probability that star pairs that are close in actionangle space have exceptionally similar metallicities, through p(∆[Fe/H] | ∆(J, θ)). We start by defining a metric in actionangle space, combined with chemical information, in a generalized chemical tagging approach. On this basis, we can show that the width of p(∆[Fe/H] | ∆(J, θ)) grows continually with increasing ∆(J, θ), from the regime of bound binaries to disc-halo pairs of stars, well beyond the distance regime probed in Kamdar et al. (2019) . To see whether these ultra-wide pairs of stars trace the dispersal of birth associations, we then apply a friends-of-friends algorithm to stars of near-identical [Fe/H] to recover larger structures, recovering both known open clusters and widely dispersed groups. This method could constrain effects such as orbit diffusion in the Galactic disc. This paper is organised as follows: in Section 2 we present the data used in this study, observational and a mock catalog, in Section 3 the method: pairwise distances between stars, in Section 4 we present the results and analysis of the generalized chemical tagging, in Section 5 the orbit clustering of stars with the same metallicities, Section 6 presents a comparison in (ì r, ì v) configuration space; and finally Section 7 presents the summary followed by the appendix.
DATA

The Gaia DR2 ⊗ LAMOST DR5 Sample
The analysis of this paper draws on the combination of the second Gaia data release, GDR2 (Gaia Collaboration et al. 2018) , and the fifth data release (DR5) of the spectroscopic survey LAMOST (hereafter LMDR5) with stellar parameters derived from the Data-Driven Payne (DD-Payne, Xiang et al. (2019) ), which is a data driven model that includes constrains from theoretical spectral models to derive abundances. We obtain the positions (ra, dec), proper motions (µ ra , µ dec ) and the parallaxes from GDR2, where we impose selection criteria on the renormalized unit weight error ≤ 1.6 (Lindegren et al. 2018 ) and on the parallax > 0.
LAMOST provides spectra at a resolution of R ∼ 1800. We consider only stars with SNR G > 30 in LMDR5 to decrease the uncertainties in [Fe/H]. For this subsample, the typical radial velocity precision is (5 − 7) km s −1 , and the typical abundance precision is ∼ 0.05 − 0.07 dex for [Fe/H]. We make use of the spectroscopic parameters T eff , log g, [Fe/H], and also the radial velocities. For this work we make use of the recommended labels that combine results from the LAMOST-GALAH and LAMOST-APOGEE training sets, where we have selected stellar labels with no flags (Xiang et al. 2019) .
Following Coronado et al. (2018) , we calculate the spectro-photometric distances that combine the parallaxes and spectral information. We consider main sequence (MS) stars with the following criteria: 4800K < T eff < 6000K, log g > 4.2. This selection of MS stars in T eff differs from the one adopted in Coronado et al. (2018) , as estimates of [Fe/H] become less robust and accurate for T eff < 4800K. We then combine the dataset with 2MASS to obtain the K -band magnitude, needed to apply our spectrophotometric distance model. Otherwise, we essentially follow here the model of Coronado et al. (2018) , with further slight changes explained in more detail in Appendix A. We are left with ∼ 550,000 MS stars after the GDR2⊗LMDR5 cross-match and selection criteria. The stars in the sample here have distances up to 3 kpc, however the majority of them are at d < 1.5 kpc.
Wide Binaries in LAMOST as methodologial anchors
In addition to our primary analysis of all possible pairs within the GDR2⊗LMDR5 catalog, we also analyze a sample of 519 gravitationally bound wide binaries (WBs) for which both components have a high-quality spectrum from LAMOST. WBs represent the extreme low-∆(J, θ) limit for pairs close together in phase space: they not only have similar kinematics and in most cases formed from the same gas cloud, but they are still gravitationally bound. Because WBs are generally chemically homogeneous (e.g. Hawkins et al. 2019) , the distribution of ∆[Fe/H] within the WB sample represents the highest degree of chemical homogeneity we can expect to measure for stars formed at the same time and place within the Milky Way, given the noise properties of the GDR2⊗LMDR5 sample. We select wide binaries using the same general procedure described in El-Badry & Rix (2018): we identify pairs of stars with projected separations s < 50, 000 AU that have parallaxes and proper motions consistent with bound Keplerian orbits and both have high-quality LAMOST spectra. The measured ∆(J, θ) for WBs is necessarily low, but it is nonzero because (a) the nonzero orbital velocities cause the total space velocities of the components of WBs to differ at the ∼ 1 km s −1 level, and (b) uncertainties in the parallaxes and proper motions of both components inflate their ∆(J, θ) to the noise floor.
In contrast to the binary selection procedure of El-Badry & , which relied only on 5D Gaia astrome-try, we also make use of LAMOST radial velocities in our selection, requiring the radial velocities of the two components to be consistent within 2σ ( Fig. B1 in Appendix B). This allows us to search for WBs out to a distance of 2 kpc while maintaining a low contamination rate. We refer to El-Badry et al. (2019) and Tian et al. (2019) for detailed discussion of the wide binary selection procedure, contamination rate, and effective selection function. In this work, we restrict our analysis to the highest-quality subsample of the WBs: those which both components have a LAMOST spectrum with SNR G > 50 and precise Gaia astrometry ( /σ > 10).
A Mock Catalog with a Smooth and Phase-Mixed Orbit Distribution
As a null hypothesis for our analysis, we need to understand the amount of clustering we expect to find in the case that all stars are in a smooth orbit distribution fully phase-mixed, where [Fe/H] only changes gradually with the "Galactic component", or radius. We do this by creating a mock observation that matches our GDR2⊗LMDR5 selection in volume and depth, based on the Gaia DR2 mock stellar catalog by Rybizki et al. (2018) . This catalog was created using a chemo-dynamical model based on Galaxia (Sharma et al. 2011) , where the stars are sampled from the Besançon Galactic model (Robin et al. 2003) . The 2003 Besançon model prescribes smooth distributions in phase and abundance-space to the four main Galactic components (thin, thick-disc,bulge and halo), with basic observational constraints, like the age-velocity-relation, age metallicity distribution and radial metallicity gradient, imprinted. It should be noted that the sampled version in GDR2 mock neither includes binaries nor spiral arms (any localised/clumpy star formation). We select stars in this GDR2 mock with criteria resembling those of our dataset: in T eff and log g, with additional cuts in parallax and magnitude: σ / > 0.1 and 10< phot_g_mean_mag < 14. The values provided in the catalog are noise-free, hence parallaxes could be directly inverted to give exact model distances (Rybizki et al. 2018) . We proceed to add noise to the parallax by sampling from a Gaussian with the true value of as mean and σ as the standard deviation, as suggested in Rybizki et al. (2018) .
Then we match the sky coverage of the LAMOST survey, which covers much of the northern sky ( Fig. 1 ). After applying all of these cuts, we are left with ∼ 580,000 stars in the GDR2 mock, matching the sample size of our GDR2⊗LMDR5 dataset.
METHODOLOGY: PAIRWISE DISTANCES IN ACTIONS, ANGLES, AND [FE/H]
In order to see if we can find signatures of stars that were born at the same time from the same material, we investigate if we can quantify statistically how much closer pairs of stars are in [Fe/H] if they are close in orbit space by studying p(∆[Fe/H] | ∆(J, θ)). Figure 1 . Footprint on the sky in equatorial coordinates of the LMDR5 sample in blue dots, and the mock catalog in grey. Here we can see that the LAMOST survey covers the northern hemisphere, and we select the stars in the mock catalog accordingly, considering the areas of the sky that were mostly completely covered with LMDR5 stars.
Choice of variables: ∆(J, θ) and ∆[Fe/H]
In the following sub-sections we describe operationally how to define and then calculate distances between pairs of stars, both in orbit space and in abundance space.
For two stars that are on nearly the same orbit and nearly the same orbital phase, their distance can be well defined in the Cartesian configuration space ( ì x, ì v), as done by Kamdar et al. (2019) . For wider separations, one could use classical integrals E and L z (Jeans 1916; Contopoulos 1963; Ollongren 1965; Binney & Spergel 1984) . But actionangle variables (J, θ) are arguably the best set of coordinates, as they form a 6D canonical coordinate system with several advantages. For an axisymmetric gravitational potential, all three actions (J R , J z , J φ ) are integrals of motion (Binney 2012) , where J R quantifies the oscillations of the orbit inwards and outwards in the radial direction, J z quantifies the oscillations in the vertical direction and J φ (or L z ) is the azimuthal action that equals the angular momentum in the z direction. All actions have the same units, kpc×km/s. Actions are complemented by their three corresponding angles: θ R , θ z and θ φ . These angles, reflecting the orbital phase in these coordinates, increase linearly with time, in practice modulo 2π. If a system is fully phased mixed, then the angles should be uniformly distributed between 0 and 2π.
In the presence of non-axisymmetric structures such as spiral arms or a bar, the three actions J R , J z , J φ are not well defined, and are not exactly integrals of motion. However, (axisymmetric) approximations can still be made to compute them. For a thorough description of action angle variables, we redirect the reader to Section 3.5 of Binney & Tremaine (2008) .
Action-angle computation
The calculation of actions and angles requires both phasespace coordinates, and an (assumed) gravitational potential. If we assume that the Galaxy's potential is close to an axisymmetric Stäckel potential, then the actions and angles can be easily calculated. We make use of the python package galpy, with its implementation of the action estimation algorithm Stäckel fudge (Binney 2012) along with the MWPo-tential2014 model. The latter considers a simple axisymmetric Milky Way potential model with a circular velocity of 220 km/s at the solar radius of 8 kpc (Bovy 2015) . Note that the absolute values of the actions never enter the subsequent analysis, just their differences. So, the choice of an updated circular velocity (e.g., Eilers et al. (2019) ) would not significantly alter the results.
For the location and velocity of the Sun within the Galaxy we assume (X,Y,Z) = (8,0,0.025) kpc and (U,V,W) = (11.1,12.24,7.25) km/s (Schönrich et al. 2010) to first calculate Galactocentric coordinates and then actions from the observed (ra, dec, d, v los , µ ra ,µ dec ) of each star. As noted by Coronado et al. (2018) , the largest contribution to the action uncertainties comes from the distances. However, by calculating the spectrophotometric distances as described in Appendix A, we obtain improved distances (at least for distant stars) with uncertainties of ∼ 7% for single stars. We refer the reader to Section 5.2.1 in Coronado et al. (2018) to see the extent of the uncertainties in action space when applying this spectrophotometric distance model. Typical action uncertainties are ∼ 5 − 8%.
Defining a Metric in Action space
To calculate the pairwise distances between stars in action space, we first must define a metric that combines the three actions J R , J z and J φ . For subsequent combination with the angle separation metric, we want this metric-or distanceto be unitless. Therefore we normalise each dimension by the ensemble variance in each quantity, defining the distance between a pair of stars (i,j) in action space as
where the variance is defined as
Defining a Metric in Action-Angle space
Stars that drift apart in orbit space will then also drift apart in orbital phase, unless the orbital frequency stays identical. Therefore, the distance between two stars in orbital phase, or angle, matters. We define an analogous 6D metric that combines the actions J R , J z , J φ with their respective angles θ R , θ z and θ φ .
We start with the angle part:
By definition, the angles θ k are in the range and periodic in [0, 2π]. Eq. 4 ensures that the correct (and smallest) angle distance is used. Again, we introduce a normalisation factor w θ for each of the angles. We note that the variance in θ R and θ z has roughly the same value, we can see stars in basically all phases of their vertical and radial oscillation. For the azimuthal direction, defined to be 0 at the line from the Sun to the Galactic center, only a small fraction of angles will be within the sample volume. The values that we considered for the variance are the typical distance two stars can have in the angles. We use the same weights for the real data and the mock catalog. Combined, this yields a sensible action-angle distance metric:
where both components of the metric are unitless.
Distance in Abundance Space: ∆[Fe/H]
We define a distance in abundance space by considering the differences in [Fe/H] exclusively. This is for several reasons:
[Fe/H] has the largest variance compared to [X/Fe], it is robustly determined and it is available also in the mock catalog. Then, the pairwise distance for the metallicity is defined as:
For our dataset, the uncertainties in [Fe/H] are less than 0.1 dex.
With these definitions, we can proceed to explore the action-angle and metallicity distances between pairs of stars, as illustrated in Fig. 2 , where we show the complete distribution of the pairwise distances p(∆[Fe/H] | ∆(J, θ)) that we obtain.
GENERALIZED CHEMICAL TAGGING
ANALYSIS: ORBIT-SIMILARITY VS.
ABUNDANCE-SIMILARITY
In Sec. 3 we have defined pairwise distances between stars, both in action space only and in the full action-angle space. We will mainly analyse the results from a 6D phase-space metric, combined with chemical information. However, in Appendix C, we also show the results for the distance in action only space (i.e., a 3D coordinate system) also combined with [Fe/H].
4.1 Abundance differences of stars on similar orbits: p ∆[Fe/H] | log 10 ∆(J, θ)
In Fig. 2 , we present the distribution of distances in actionangle space (using the metric defined in Eqs. 3, 4, 5) vs. ∆[Fe/H] for all ∼ 10 11 stellar pairs in our sample. The peak of the distribution is reached at ∼ log 10 ∆(J, θ) = 0 which by construction is the mean pair separation. We have additionally divided the distances by the number of dimensions, 6 in action-angle space and by 3 in the action only case. This metallicity space. We discuss in more detail this sample in Appendix B.
To quantify this effect and put it into perspective, we compare the distribution of p ∆[Fe/H] | log 10 ∆(J, θ) for the observed in data to an idealized mock galaxy, that has broad population gradients, but no clustered star-formation. As mentioned in Sec. 2.2, we make use of the Gaia DR2 mock stellar catalog by Rybizki et al. (2018) .
In Fig. 3 , we present the cumulative distribution function (CDF) of stars as a function of ∆[Fe/H]. The left side of this figure shows the GDR2⊗LMDR5 dataset (that we will now call the real MW pairs) where each coloured line represents the CDF for different orbit-similarity bins in Fig. 2 separated by 0.5 in log 10 ∆(J, θ). The right panel in Fig. 3 shows the same but for the mock data pairs: Following the same procedure as for the real MW pairs, we calculated the metric in action-angle and [Fe/H] space for the mock data pairs, with Eqs. 3, 4, 5 and 6. We use the same values for the variance (Eq. 2) that we obtain from the real MW pairs, for the mock ones given that their values are similar. We obtain a histogram in log 10 ∆(J, θ)-∆[Fe/H], and then using the same bins as for the real MW pairs, we produce the CDF. For the real MW pairs, we find that in the smallest bin in log 10 ∆(J, θ), ∼ 60% of the pairs have metallicity differences within the measurement uncertainty of 0.1 dex. As for the mock data pairs, we find that the smallest bin in action-angle distance has ∼ 40% of pairs at 0.1 dex in ∆[Fe/H]. Given the large sample sizes, these differences are highly significant. Most importantly, the CDF's in the five closest orbit bins in the mock data pairs are nearly identical, but the fraction of pairs with indistinguishable ∆[Fe/H] rises towards small ∆(J, θ) in the real MW pairs. As for the large ∆(J,θ) bins in the real MW pairs, the separation between them becomes wider, this is because in this regime we would expect to find more random pairs, that are not actually physically related. They are not only far apart in the ∆(J,θ) metric, but also in [Fe/H]. The highest ∆(J,θ) bin in the mock data pairs does not show a strong difference in [Fe/H] as the one observed in the real MW pairs, this is because of how the different components (thick disc, halo and bulge) are simulated in that catalog (Rybizki et al. 2018) . 1 may be satisfied for many star pairs born at different times in different parts of the disc. Such a test can therefore be only 'statistical', and we again put our findings into perspective by comparison with a mock catalog from a smooth galaxy model (with population gradients). The result of this analysis is quite striking, and is summarized in Fig. 4 . The panels show f pair s (∆[Fe/H] < 0.1) as a function of log 10 ∆(J, θ) (in bins of 0.2); the left panel shows the observations, the right panel the smooth mock catalog. The majority of real MW pairs in the closest log 10 ∆(J, θ)bin have indistinguishable [Fe/H], which then decline to ∼30% at log 10 ∆(J, θ) ∼ 0, and then quite precipitously fall to nearly 0 at log 10 ∆(J, θ) > 0.8 (presumed disc-halo pairs). The right panel, with the analogous analysis from the smooth galaxy model, shows a qualitatively similar behaviour at log 10 ∆(J, θ) > 0. But there is a striking difference for log 10 ∆(J, θ) < −0.5: the fraction of mono-abundance pairs is constant for all smaller log 10 ∆(J, θ), while the fraction rises steeply for the actual observations, where we see that the fraction of MW pairs for the first two bins is ∼ 60% and 45% respectively. Even though the mock galaxy is based on a chemo-dynamical model, we would not expect to find pairs of stars clumped in action-angle and [Fe/H]. Because the stars in GDR2 mock are distributed smoothly in phasespace there is no clustering (Rybizki et al. 2018 ). This means that there is a distinct excess of mono-abundance pairs at small orbit-separations in the real data, just as expected if there is a decreasing fraction of birth pairs as log 10 ∆(J, θ) increases. On the scales of parsecs, this effect has been seen before (Oh et al. 2017; Kamdar et al. 2019 ). But we now see this effect in our data to far larger distances. This may not be apparent from the X-axis log 10 ∆(J, θ); therefore we illustrate in Fig. 5 how a certain log 10 ∆(J, θ) translates into typical spatial distances [in pc] or velocities [km/s]. Fig. 5 takes the same bins in log 10 ∆(J, θ) (in the same color-coding as in Fig. 4) and calculates for these pairs the mean ∆ì r and ∆ì v. The differences between the real and smooth mock data in Fig. 4 in the first 6 or 7 bins, in Fig. 5 now informs us that this corresponds to 10 km/s and nearly 500 pc. In the right panel of this figure we also show the projected distance of the MW pairs, ∆ ì r ⊥ , illustrating that even for the first bin in log 10 ∆(J, θ) these pairs are well beyond the WB regime. It appears that by choosing action-angle coordinates, we can trace an excess of mono-abundance stars to quite enormous distances.
ORBIT CLUSTERING OF STARS WITH THE SAME [FE/H]: FRIENDS-OF-FRIENDS ANALYSIS
If the ultra-wide pairs of stars with the same [Fe/H] are the descendants of dispersed birth associations, we would expect not only pairs, but triplets, quadruplets or larger associations of indistinguishable [Fe/H]. That such associations exist has been shown in the immediate vicinity of the Sun (Oh et al. 2017 ), using Gaia DR1. In Sec. 3, we have defined a metric (Eq. 6) that allows us to find pairs of stars that are close in action-angle space (even at considerable distances in configuration-space). Certainly, we can use this metric to search for larger associations or structures than just pairs. One way to do this is to use the friends-of-friends (FoF), or percolation, algorithm that has been widely used in cosmology to identify features like clusters, halos or groups in density fields in N-body simulations and also in observations (White et al. 2010; Duarte & Mamon 2014; Feng & Modi 2017) .
FoF algorithms can identify groups of sample members that can be linked by less than a certain threshold distance, or "linking length", which can be naturally defined for the case at hand by our metric in action-angle space. If larger associations are indeed present in the data, we may expect that the contamination by chance coincidences in phasespace (occurring in our mock catalog with smooth orbit and angle distributions) should be far smaller compared to pairs, when considering ensembles of K = 3, 4, ... stars.
We will now briefly sketch the practical implementation, then show the properties of the K > 2 associations, and their statistics in the real and mock data. It turns out that the overabundance of such associations in the real data is quite dramatic (over an order of magnitude), compared to the spurious associations in the mock data.
Finding associations with FoF
To find associations based on the FoF algorithm we proceed as follows: after selecting an appropriate linking length, we limit our sample to (a) pairs that are closer than this distance, and (b) pairs that are indistinguishable in metallicity, for which we adopt ∆[Fe/H] < 0.1. We then consecutively We observe that for the first bin-with the smallest log 10 ∆(J,θ) (black line)-∼60% of pairs with action-angle distances log 10 ∆(J,θ) < -2 have metallicity within the uncertainty. As for the mock catalog, we see that for the first 5 bins, the lines are located at almost the same position, and we find a smaller value for p(∆[Fe/H] | log 10 ∆(J,θ)) for the smallest log 10 ∆(J,θ) than the one shown by the data. Fig. 3 . This clearly illustrates the differences between mock and MW pairs, where we find that the fraction of mock pairs is roughly flat (∼ 31%) for these 9 bins. Whereas for the MW pairs we see that for the first 2 bins the fraction of pairs is ∼ 60% and ∼ 45% respectively. The grey dashed line is a fit to 9 bins in the mock pairs -excluding the first bin-that we then over-plot also in the left panel with the MW pairs. Therefore, we find that there is a large fraction of real MW pairs at small ∆(J,θ) with similar metallicities when compared to the mock pairs. In both mock and MW pairs the fraction of pairs decreases below 1% for the last two bins in log 10 ∆(J,θ). . Differences in 3D velocities ∆ì v and positions ∆ì r to the left and transverse distance ∆r ⊥ to the right; both in bins of 0.2 in log 10 ∆(J,θ) for our MW pairs. In both panels we show the WBs in cyan, that are located at small ∆ì v, ∆ì r and ∆r ⊥ , respectively. For the bins, the solid lines show the uncertainty of the mean value (calculated via bootstrapping), the dashed line -and solid line in the WBsshow the 5th and 95th percentile. To the left, the smallest difference in log 10 ∆(J,θ) is located also at small differences in velocity-distance space, as expected, given that (J,θ) is only a different coordinate system for the same phase-space as (ì r, ì v). To the right, the WBs have a projected -or transverse-distance of ∼ 0.03 pc whereas the smallest bin in ∆(J,θ) is well beyond the WB regime, showing a mean value of ∼ 10 pc. Finally, the left side of this figure illustrates that using distances in action-angle space is analogous to position-velocities. The grey rectangle shows Kamdar et al. (2019) co-moving pair selection in ∆ì v and ∆ì r. join all distinct pairs that have a star in common, which results in associations of K ≥ 3 members for any linking length l = log 10 ∆(J,θ); the remaining isolated pairs (K = 2) are discarded from further consideration. In this procedure, the linking length is a free parameter, for which we will choose a range of values small enough to avoid linking vast numbers of "field stars". After some experimentation, we consider different linking lengths log 10 ∆(J,θ): l i = [−1.8, −1.7, −1.6, −1.55].
Properties of the FoF-selected Associations
This FoF search yields a large number of associations with K ≥ 3, among pairs with log 10 ∆(J,θ) < l i that are constrained to pairwise ∆[Fe/H] < 0.1. We now illustrate the ensemble properties, both in action-angle space and in the space of direct observables, for a few particularly large (K ≥ 15) candidate associations, for a linking length of log 10 ∆(J,θ) = −1.7: the upper panel of Fig. 6 shows the distribution of these associations in proper motion, velocity-distance and position space. Among these nine algorithmically-identified candidate associations, six turn out to be well-known open clusters: M67, Praesepe, the Pleiades, NGC 1662, NGC 1647 and NGC 2281, labelled in the top left panel. Most of the clusters we find within this linking length, with a minimum of 15 stars per group are located at a distance between 100 and 500 pc, while M67 is located at ∼ 950 pc, and NGC 1647 and NGC 2281 are located at ∼ 600 pc. Their distribution in action-angle space is illustrated in the lower panel of this figure, with the local standard of rest in these coordinates at J R , J z = 0 and J φ ∼ 1760 (or J φ = 1 in the figure) . Most of the groups show a more confined structure in action-angle space than in configuration space, presumably by construction through the condition log 10 ∆(J,θ) < l i . Note that the "finite" extent of the known clusters in action space may well result from the individual distance errors, especially for the most distant group (M67): we did not assume that the line-of-sight extent of any association should not be much larger than the transverse, angular extent (see Fig. 7 ).
Remarkably, there are also three associations with K ≥ 15 that are just as tight in action-angle space, but widely spread in proper motion or sky position. Especially the association with black points spreads hundreds of degrees in the sky; yet it is very confined in action-angle space. We have not been able to identify these associations with known groups or clusters: they may well be newly found associations. Note from the bottom set of panels in Fig. 6 that part of the association marked with red symbols may be closely associated to the Pleiades. This only makes the point that parsing star groups into distinct entities has its limitations.
As we will show below, for any linking length, the number of associations grows rapidly with decreasing membership K. And the set of resulting associations depends of course both qualitatively (is an association found) and quantitatively (e.g. how many pairs are linked to, say, the Pleiades) on the choice of linking length. For the moment, we just note that our FoF approach with this GDR2⊗LMDR5 sample recovers algorithmically know clusters as 'actionangle associations of indistinguishable [Fe/H]'and finds new ones. Clearly, extensive follow-up of these associations is warranted.
Statistics of the FoF-selected Associations
We now consider the basic statistics of the associations that our FoF approach identifies. If the true action-angle distribution indeed has a clustered component, while the smooth mock catalog has not, we can expect that the contrast between the real and mock data is larger for groups than for pairs alone: if 'chance-pairs', drawn from a smooth orbit distribution at a given [Fe/H] are an important contaminant, then 'chance-triplets', etc. should be less so.
We quantify the statistics by asking what fraction of all pairs are involved in association of ultimate size K, at a given linking length l i ; this is shown in Fig. 8 . This figure shows that for all linking lengths associations of at least 10 members are found; for l i = −1.6 even 100 of them. The figure also shows that at very small linking length (e.g. l i = −1.8) even the well-known clusters are not completely identified (see Fig. 6 ), presumably because measurement errors push pair separations beyond this linking length. Most dramatic in this figure, is the large difference between the fraction of real (solid line) and mock (dashed line) pairs that are in associations of K ≥ 3: for l i < −1.6 there is a magnitude or more associations in the real data than in the smooth mock data. This shows quite dramatically the clustering of stars with the same [Fe/H] in action angle space, not just pairs but clearly larger ensembles or associations. This is seen more clearly in Fig. 9 where we show the number of FoF groups as a function of N member s at different linking lengths. We find that the number of groups at a given N member s is always at least one order of magnitude larger in the real data, compared to the mock data (where they are "spurious", by construction). For the largest linking length l i = −1.55 the number of groups found in the mock become comparable to the real data. However, at that linking length, the largest group in the mock catalog has only N member s = 38, compared to 10 3 in the real data.
We have presented a method to calculate pairwise distances in action-angle space between MS stars in the GDR2⊗LMDR5 cross-match, and we have used it to quantify the level orbit-space and abundance space clustering of the stellar distribution in our Milky Way. We have found an excess of pairs-i.e. clumping of stars-at small phase-space distances ∆(J,θ) and small abundance differences ∆[Fe/H] when compared to a mock catalog that has a smooth and phased-mixed orbital distribution (Fig. 3) . In addition, we could show that extensive sets of star associations can be found by their orbit similarity, if they have indistinguishable [Fe/H]; we implemented the identification of these associations by a friend-of-friends algorithm. We now provide and discuss some context for these findings. This is of course not the first time, that orbit-[Fe/H] clustering has been explored with contemporary data sets. The recent studies by Oh et al. (2017) and in particular by Kamdar et al. (2019) have shown that co-moving pairs, identified by their physical separation and velocity difference, were most likely born together, as these pairs showed a strong preference for having similar metallicities. Kamdar et al. (2019) defined a primary metric in metallicity difference |∆[Fe/H]| to determine if a pair is co-natal, and they also include the velocity and position differences of these pairs ∆r and ∆v. However, the work by Kamdar et al. (2019) focused on pairs that are close in (ì r, ì v) with 2< ∆r < 20 pc and with ∆v < 1.5 km/s, and the present work -in part by choosing action-angle coordinates -extends to far greater distances, as we illustrate in Fig. 5 . We take the same bins as presented in Fig. 4 , i.e., bins of 0.2 in log 10 ∆(J, θ), but now we map them into position and velocity space to illustrate to what "typical" distances in configuration space (ì r, ì v) a certain log 10 ∆(J, θ) corresponds to. For example log 10 ∆(J, θ) = −1.6, corresponds to a mean ∆r ∼ 150 pc and ∆v ∼ 3 km/s, with many pairs encompassing considerably greater distances in configuration space. The selection by Kamdar et al. (2019) is shown as a grey rectangle in Fig. 5 , and we see that it is closer to the properties of our wide-binary reference sample than even our smallest bin in log 10 ∆(J, θ), or our smallest linking length.
SUMMARY
We have explored and quantified the orbit-space clustering of stars in the Galactic disc, as a function of their metallicity differences. We have done this by defining the orbit similarity between pairs of stars as the normalised distance in action-angle space ∆(J,θ), and their abundance similarity as ∆[Fe/H]; we then considered both p([Fe/H] | ∆(J, θ)) and p(∆(J, θ | [Fe/H]). We expect the fraction of 'monoabundance'pairs (with the same [Fe/H]) to be large for very small differences in actions and angles, ∆(J, θ), as those stars are either wide binaries or stem from the same birth association. The fraction of mono-abundance pairs should then decrease towards larger ∆(J, θ), as more of these star pairs on very different orbits were born at different times or at difference radii, and hence have different metallicities.
We determined the pairwise ∆(J,θ) and ∆[Fe/H] for a sample of over half a million main sequence stars, with radial velocities and [Fe/H] from LAMOST and astrometric information from Gaia. Among these ≥ 10 10 , we found an excess of mono-abundance pairs (∆[Fe/H] < 0.1), extending to remarkably large separations. In configuration space (ì r, ì v) this ∆(J, θ)-selected excess of mono-abundance pairs extends to ∆r ∼ 300 pc; this is an order-of-magnitude larger than the 25 pc to which Kamdar et al. (2019) traced it with a configuration-space selection. We assess that this is a significant 'excess' through comparison with a mock sample, drawn from a smooth and phase-mixed orbit distribution with a similar selection function (Rybizki et al. 2018) ; in that smooth models such pairs just reflect chance similarities in action-angle space and in ∆[Fe/H] (given the modest metallicity dispersion of the disc).
We then use these action-angle distances as an input for a friends-of-friends (FoF) algorithm, to investigate which fraction of these mono-abundance pairs can be linked into larger groups (at a given linking length). Through this FoF approach, we recover a number of known clusters and associations: e.g. M67, Praesepe, the Pleaides, NGC 1662, NGC 1647 and NGC 2281. Whereas Praesepe and the Pleiades show a more extended structure in proper motion, position and distance-velocity space, the remaining known clusters are mostly confined in position and velocity space. Figure 6 . Result of our implementation of the friends-of-friends algorithm for a linking length of log 10 ∆(J, θ) = -1.7. We only show the largest groups we find for this specific linking length: 9 groups with a minimum of 15 members per group. Upper panels: We show the proper motion distribution of the groups to the left, in the middle we show their position in the sky in (ra,dec) coordinates and to the right we show their velocities and distance. We recover 6 known associations: the open cluster M67, Praesepe, the Pleiades, NGC 1662 , NGC 1647 and NGC 2281 . M67, NGC 2281 , NGC 1662 and NGC 1647 (hidden behind NGC 1662 appear as concentrated clusters in µ α and µ δ while Praesepe and the Pleiades have a well defined center and then their structure extends further out. Most of the clusters appear as large extensions in the sky in (ra,dec) and in velocity-distance space some of the cluster extends up to several parsec in distance. Middle and lower panels: Here we show the three actions J z , J R , J φ and their three respective angles, θ R , θ φ and θ z for all the groups we find in this specific linking length. The grey dots in the background correspond to the complete dataset. As expected by construction, all of the groups appear clustered in action and angle space. Most of the groups shown here are confined to J z < 3 (kpc km/s), only M67 reaches up to ∼ 9 (kpc km/s) and extends up to 12 (kpc km/s). In the radial action J R none of the found clusters extend beyond 25 (kpc km/s) and they are tightly constrained in J φ . As a reference, a star near the solar position would be located at J φ = 1 in this figure. From all of these groups, the black cluster is the most intriguing, begin very constrained in action space, but having members completely spread in ra, separated by 240 deg in the sky. In angle space the associations are also very confined, with the black group having members located at θ R ∼ 0 and θ R ∼ 360 deg, showing the periodicity of the angles. The same behaviour is observed for the dark green group but in θ z . Figure 7 . Position in rectangular Galactic coordinates X,Y,Z of the associations we find with the FoF algorithm. These are the same as the ones presented in Fig. 6 . The Z coordinate is positive pointing towards the North Galactic pole, X increases in the direction of the Galactic center and the sun is located at (0,0,0). M67 and NGC 2281 appear mostly confined in the XZ and ZY plane, whereas Praesepe, the black, dark green and NGC 1662 associations have members spread in the XY plane. Figure 8 . Fraction of pairs at a given linking length that end up in FoF groups vs. the number of members in that group, K. The solid line reflects this fraction for the GDR2⊗LMDR5 sample, and the dashed line to the GDR2 mock with a smooth orbit distribution. The different panels show different linking lengths, from the smallest (l 2 ) on the left to the largest (l 5 ) on the right. The differences between the data and the mock catalog are dramatic: associations with K ≥ 3 are proportionally more common in the real data by an order of magnitude, except for the largest linking length. In the largest linking length bin (and any larger ones), the real data barely show more associations than a smooth distribution.
However, through this orbit-space FoF approach, we also find hundreds of mono-abundance associations with a very extended distribution in configuration space: extending hundreds of parsecs, and covering many degrees in the sky. Nevertheless these stars are on similar orbits and share the same chemical information, [Fe/H]. Many of these would not have been selected as associations in a different coordinate system.
Our analysis shows that the orbit distribution of Galactic disc stars reveal distinct small-scale clustering, among stars with indistinguishable metallicities, extending across distances of hundreds of parsec. At least qualitatively, this clustering has an obvious explanation: stars born in the same cluster, association, or even spiral-arm piece, will be born with the same [Fe/H]. Most of these birth associations will gradually disperse, as many of them may never have been gravitationally bound systems. This dispersal is driven both by orbit or action changes, which can be driven by cluster dynamics or radial migration (Sellwood & Binney 2002; Frankel et al. 2018; Kamdar et al. 2019) , and by the resulting orbit-phase mixing. All these effects plausibly reflect the transition from clustered star-formation to field stars.
The results presented here suggest follow-up in various directions. On the one hand, one can use this information to quantify how effective orbit migration is in the Galactic disc. On the other hand, the work here has provided a large number of stellar association candidates. While undoubtedly some will be spurious, our FoF analysis should open a path to studying many groups of stars barely remembering their common birth origin. Follow-up could include the orbit-space search for more members in the Gaia 6D data (Trick et al. 2019b) , where at present metallicities are still missing. And, the LAMOST data will allow us to explore whether these associations are truly mono-abundance pop- The different panels show different linking lengths, from the smallest (l 2 ) on the left to the largest (l 5 ) on the right. For the shortest two linking lengths the number of FoF groups is over an order of magnitude larger, compared to GDR2 mock. At larger linking lengths these differences are less prominent. At log 10 ∆(J,θ) = −1.55, the number of groups that we find for the MW data and GDR2 mock become comparable, for groups with less than 40 members; yet the largest group in the real data has ∼ 10 3 members, the largest mock group only 38.
ulations (not just of the same [Fe/H]), by looking at the other 5-10 abundances that LAMOST provides (Xiang et al. 2019) .
Overall, this analysis suggests that we may now be in a position to study the transition from clustered stars formation to field stars in an unprecedented way. We divide the appendix in three sections. In the first one we brifly discuss the changes we apply to the model for the spectrophotometric distances presented in (Coronado et al. 2018 ). In the second section we discuss in more detail the WB selection, and finally in the third one we show the results we obtain for a metric in action only, p(|∆ [Fe/H]| log 10 ∆ J).
APPENDIX A: SPECTROPHOTOMETRIC DISTANCES
In this section we show in more detail the changes that we applied to the model in (Coronado et al. 2018) to calculate the spectro-photometric distances with the LMDR5 × Gaia DR2 dataset used in this work. Here, we apply the same model for main sequence and binary stars defined in Sec. 3 of that work. We follow closely the same steps defined there, where the absolute magnitude of main sequence stars is a function of the spectroscopic parameters and we expand it up to first order in log g, [Fe/H] and second order in T eff . However, in this case the normalization of each parameter by the mean value changes, because the dataset considers a different range in T eff . Hence, T eff = 5500 K, [Fe/H]= -0.16 and log g = 4.4. In table A1 we show the new parameters obtained with emcee of the best fit model for the dataset used in this work, and in Fig. A1 we show the mean absolute magnitude model fit to MS stars in the LMDR5 sample.
APPENDIX B: CROSS-CHECK WITH WIDE BINARIES
In Fig. 2 we also plot (in cyan dots) the sample of WB pairs. It is expected that WBs should have similar chemical composition if they formed from the same molecular cloud (Duchêne & Kraus 2013) , and they are also common proper motion pairs, so their phase-space coordinates should also be consistent. Therefore, this is a good sample to compare our results to. In Fig. B1 we present the velocities, distances Figure A1 . Mean absolute magnitude model fit to MS stars in the LMDR5 sample. Importantly, the model incorporates the binary sequence. The color represents the density of the model pdf for the mean absolute magnitude. This is the best-fit model (parameters from Table A1 ), convoluted with a Gaussian of 0.15 mag reflecting the typical parallax uncertainty, for direct comparison with the data.
and metallicities for this sample, with all of them showing consistent values for stars in a binary system. We calculate the pairwise distances for each WB as defined in Eqs. 3 and 5. This distribution in Fig. 2 falls in the area of small log 10 ∆(J, θ) − ∆[Fe/H] as we would have expected: most of the WBs have log 10 ∆(J, θ) < -1.5 and ∆[Fe/H] < 0.1 dex, with the latter corresponding to the measurement uncertainty in [Fe/H]. This also shows us that the features at small distances in (J,θ) in the histogram of pairwise distances that we have obtained are actually real.
APPENDIX C: METRIC IN ACTION SPACE ONLY
In this section we present the results of the metric in action space only. These results are not intended as a comparison to the metric in action-angle space. As we move from a 6D to 3D coordinate system, then a direct comparison is not possible. However, with these results we want to highlight that with the actions metric we still see a signature of pairs close in ∆J-∆[Fe/H]. In the smallest bin this signal seems weaker than the one present when we include the angles, as illustrated in Fig. C1 , but again this is because we are not including the angles information. Analogous to Fig. 3 , the right side of this figure presents the results of p(|∆ [Fe/H]| log 10 ∆ J). Each line here is colored at different bins of the log 10 ∆ J histogram. For the smallest bin, we find that ∼ 40% of these pairs is at ∆ [Fe/H] = 0.1 dex. We notice that we find smaller values of log 10 ∆ J as compared to the ones found for log 10 ∆ (J,θ), with the smallest bin at log 10 ∆ J = -3.5. The first 4 bins are overlapped and don't show much difference between them, but the rest of them, from log 10 ∆ J = -1.5 on wards show the same features as log 10 ∆ (J,θ). Finally, Fig. C2 shows the mapping of log 10 ∆ J into velocitydistance space to the right side. With the actions only metric we find at the smallest bin, pairs of stars between 0.1-1 kpc in ∆ì r not as different to what we find with log 10 ∆ (J,θ) at 0.01-0.5 kpc. For ∆ì v we find a larger difference, however the spread for log 10 ∆ (J,θ) is much larger in velocity space. These plots are not intended as a direct comparison between log 10 ∆ (J,θ) and log 10 ∆ J. When moving from 6D to 3D coordinates inevitably we lose information. Nevertheless, we want to show that actions are still a valid coordinate system, where we can still find valuable information for pairs that are close in both log 10 ∆ J-∆[Fe/H]. Figure B1 . Distribution of the WB sample in distance, velocity and metallicity, where both components show consistent velocities and distances. There is some spread in the metallicity distribution, but nonetheless, it seems mostly consistent for both components. Moreover, from Fig. 2 we already saw that most of the sample has differences in metallicity for these pairs of ∆[Fe/H] < 0.1. In grey we overplot a 1:1 line that show how well these pairs agree. Fig. 2 at different log 10 ∆(J,θ) and to bins at different log 10 ∆(J) on the right side. The width of these lines show the 5th and the 95th percentile of a bootstrap re-sampling. The cyan line shows the complete distribution of WBs, for comparison. The dashed line is located at ∆[Fe/H] = 0.1, that we consider as an upper limit for the uncertainties in [Fe/H]. We observe that the distance in actions only reaches smaller values than log 10 ∆(J,θ). Even though for the first 4 bins it seems that each line lie in the same position, the rest of the bins show the same trend as in log 10 ∆(J,θ), and we still see some signature present when considering actions only. Figure C2 . Differences in 3D velocities ∆ì v and positions ∆ì r, for the same bins in log 10 ∆(J,θ) as shown in Fig. C1 to the left, and log 10 ∆(J) to the right. The left side of this plot is analogous to Fig. 5 , but now we are considering bins of 0.5 in log 10 ∆(J,θ). Again, we show the WBs in cyan, that are located at small ∆ì v and ∆ì r. For the bins, the solid lines show the uncertainty of the mean value (calculated via bootstrapping), and the dashed line shows the 5th and 95th percentile. For stars close in log 10 ∆(J) we see that it maps into large values in ∆ì r and ∆ì v as compared to what we observe in when we combine both actions and angles However, this is expected as we are considering less information. We still notice that some information is present, as the first bin in log 10 ∆(J) seems to correspond to the third one in log 10 ∆(J,θ), finding pairs with similar ∆(J)-∆[Fe/H] at ∆(ì r)=0.39 kpc, extending up to 1kpc.
